We study the cross-section of production of a single W − boson in association with a neutrino through the process e − p → e − γ * p → ν e W − p. Additionally, we obtain the anomalous couplings ∆κ γ and λ γ of the W + W − γ vertex at the Large Hadron Electron Collider (LHeC) and the Future Circular Collider Hadron-Electron (FCC-he). The impact of the polarized beam due to the electron is also analyzed. Our best limits for ∆κ γ and λ γ at the 95% C.L. are: ∆κ γ = ±0.0017, λ γ = ±0.0053 (unpolarized electron beam) and ∆κ γ = ±0.0013, λ γ = ±0.0046 (polarized electron beam) identifying the W − boson through the hadronic decay channel. In addition, the e − γ * → ν e W − collision is one of the clean, pure and simple process to probe the W + W − γ coupling without the complications of QCD backgrounds.
I. INTRODUCTION
The Standard Model (SM) of elementary particle physics based on the gauge group SU(2) L × U(1) Y , describes the electroweak interactions as being mediated by the γ-photon, the Z-boson and the W ± -bosons [1] [2] [3] .
The W ± -bosons are among the heaviest particles known of the SM. Although the properties of the W ± -bosons have been studied for many years, measuring its mass, as well as its anomalous couplings with high precision remains a great challenge and an important objective to prove the unification of the electromagnetic and weak interactions in the SM.
High precision measurement of the properties of these bosons has made these particles one of the most attractive particles for new physics research.
It is worth mentioning that it is very important to measure the masses of the W ± -bosons, as well as its anomalous couplings, as accurately as possible to better understand the Higgs boson, refine the SM and test its global consistency.
The ν e W − production at the e − p colliders contains a lot of information on the existence of trilinear self-couplings among W + W − γ gauge bosons. These couplings in a consequence of the non-Abelian gauge structure of the SM, predict the existence of the triple couplings Under these arguments, in this paper, we study and present our results on the crosssection of the process e − p → e − γ * p → ν e W − p. In addition, we obtain model-independent limits on the anomalous electromagnetic couplings ∆κ γ and λ γ of the W + W − γ vertex for the high-energies of the center-of mass energies √ s = 1.30, 1.98, 7.07, 10 TeV and highluminosities L = 10−1000 fb −1 of the LHeC and the FCC-he [4] [5] [6] [7] [8] [9] . We consider unpolarized and polarized electron beam.
A summary of experimental and phenomenological limits at 95% C.L. on the anomalous triple gauge boson couplings ∆κ γ and λ γ from the present and future colliders are given in Table I of Ref. [10] . See Refs. [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] for other limits on the anomalous W + W − γ coupling in different contexts.
This work is organized as follows: In Sect. II we give an overview of the operators in our effective Lagrangian. In Sect. III we derive limits on the anomalous couplings ∆κ γ and λ γ at the LHeC and the FCC-he. In Sect. IV we present our conclusions.
II. THE TRIPLE GAUGE BOSON VERTEX W + W − γ WITH ANOMALOUS CON-TRIBUTION An appropriate model-independent context for describing possible new physics effects is based on effective Lagrangian. In this context, all the heavy degrees of freedom are integrated out to obtain effective interactions between the SM particles. This is justified since the related observables have so far not shown any significant deviation from the SM predictions.
We start from the effective Lagrangian formalism to study the process e − p → e − γ * p → ν e W − p, as well as to determine limits on the anomalous couplings ∆κ γ and λ γ . In this regard, our starting point is the effective Lagrangian L ef f for the W + W − γ interaction of the photon and the gauge bosons with operators up to mass dimension-six. Then L ef f can be expanded as:
where L
SM denotes the renormalizable SM Lagrangian and the non-SM part contains O (6) i the gauge-invariant operators of mass dimension-six. The index i runs over all operators of the given mass dimension. The mass scale is set by Λ, and the coefficients C i are dimensionless parameters, which are determined once the full theory is known.
Thus effective Lagrangian relevant to our analysis of ∆κ γ and λ γ is given by:
with
where D µ is the covariant derivative, Φ is the Higgs doublet field andB µν , andŴ µν are the U(1) Y and SU(2) L gauge field strength tensors. The coefficients of these operators C W /Λ 2 , C B /Λ 2 , and C W W W /Λ 2 , are zero in the SM.
With this methodology, the effective Lagrangian for describing the W + W − γ coupling can be parameterized as [12, 26] :
where
The couplings g γ 1 , κ γ and λ γ CP-preserving, and in the SM, g γ 1 = κ γ = 1 and λ λ = 0 at the tree level. From Eq. (2), the operators of dimension-six are related to the anomalous triple gauge boson couplings as [13, 27, 28] :
From the effective Lagrangian given in Eq. (6), the Feynman rule for the anomalous W + W − γ vertex function the most general CP-conserving and that is consistent with gauge and Lorentz invariance of the SM is given by [12] :
where the first three terms in Eq. (10) corresponds to the SM couplings, while the terms with ∆κ γ and λ γ give rise to the anomalous triple gauge boson couplings.
Different searches on these anomalous W + W − γ couplings ∆κ γ and λ γ were performed by the LEP, the Tevatron and the LHC experiments, as shown in Table I The LHeC and the FCC-he are proposed, designed and planned colliders to carry out e − p collisions at center-of-mass energies √ s = 1.30, 1.97, 7.07 and 10 TeV, that is to say with a four main stage research region [4] [5] [6] [7] [8] [9] . The e − p colliders can also be operated as e − γ * , γ * p and γ * γ collider. This enables the investigation of the eγ * interactions where the emitted quasi-real photon γ * is scattered with small angles from the beam pipe of e − [29] [30] [31] [32] [33] [34] . Since these photons have a low virtuality, they are almost on the mass shell. These processes can be described by the Equivalent Photon Approximation (EPA) [32, 35, 36] , using the Weizsacker-Williams Approximation (WWA). The EPA has a lot of advantages such as providing the skill to reach crude numerical predictions via simple formulae. Furthermore, it may principally ease the experimental analysis because it enables one to directly achieve a rough cross-section for e − γ * → X process via the examination of the main process e − p → e − Xp where X represents objects produced in the final state. The production of high mass objects is particularly interesting at the e − p colliders and the production rate of massive objects is limited by the photon luminosity at high invariant mass while the eγ * process at the e − p colliders arises from quasi-real photon emitted from the incoming beams. In many studies, new physics investigations are examined by using the EPA .
Another very important element in our study corresponds to the impact of the polarization of the electron beam. About this, in the baseline LHeC and FCC-he design, the electron beam can be polarized up to ±80%. By selecting different beam polarizations it is possible to enhance or suppress different physical processes. In the particular case of the process e − p → e − γ * p → ν e W − p, the chiral nature of the weak coupling to fermions can result in significant possible enhancements in ν e W − production. Starting from this, the polarized e − beam combined with the clean experimental environment provided by the LHeC and the FCC-he will allow to improve strongly the potential of searches for the W + W − γ triple gauge boson vertex. With these arguments, we consider polarized electron beam in our study. The expression for the total cross-section for an arbitrary degree of longitudinal e − beam polarization is given by [58] :
where σ e − r , σ e − l and σ e − 0 represent the right, left and without electron beam polarization, respectively and P e − is the polarization degree of the electron.
The schematic diagram corresponding to the process e − p → e − γ * p → ν e W − p is given in Fig. 1 . While the representative leading order Feynman diagrams for the subprocess γ * e − → ν e W − are depicted in Fig. 2 . We based our calculations on electron-photon fluxes through the subprocess e − γ * → ν e W − . In addition, it is evident the contribution of elastic process with an intact proton in the final state.
Finally, the total cross-section is obtained by folding the elementary cross-section with the photon distribution function:
whereσ(e − γ * → ν e W − ) is the cross-section for the reaction e − γ * → ν e W − , and the distribution function f γ * (x) of the EPA photons which are emitted by proton is given by [32, 59] :
where x = E γ /E p and Q 2 max is the maximum virtuality of the photon. For our calculations, we use Q 2 max = 2 GeV 2 . The minimum value of the Q 2 min is:
From Eq. (13), the function ϕ is given by:
where explicitly y, a, b and c are as follows:
In order to perform these calculations in an efficient way, we used a numerical method.
The numerical integration is performed using the CalcHEP packages [59] .
The present LHeC and the FCC-he are planned to generate e − p collisions at energies from 1.30 TeV to 10 TeV [21, 44] . One of the main purposes of this paper is to determine the best measurements of the anomalous couplings ∆κ γ and λ γ at the LHeC and the FCC-he. To carry out this purpose, we adopted a χ 2 analysis. The χ 2 function for our fit is defined as similar [61] [62] [63] [64] :
where σ BSM ( √ s, ∆κ γ , λ γ ) and σ SM are the cross-section in the presence of beyond SM interactions and in the SM, respectively. δ st = 1 √ N SM is the statistical error and δ sys is the systematic error. The number of events is given by
where L int is the integrated luminosity and l = e − , µ. For single W − production at the LHeC and the FCC-he we classify their decay products according to the decomposition of W − . In this paper, we consider that the W − boson decay leptonically or hadronically for the signal.
Thus, we assume that the branching ratios for W − decays are: BR(W − →′ ) = 0.674 for hadronic decays and BR(W − → lν) = 0.213 for light leptonic decays. Estimations of the one-parameter limits on the anomalous couplings ∆κ γ and λ γ given in Eqs. (8) and (9) are presented in Table I , where one of the anomalous couplings is fixed to zero. In Table I , we consider the leptonic and hadronic decay channels of the process e − p → e − γ * p → ν e W − p at the LHeC with √ s = 1.30, 1.98 TeV and integrated luminosities L = 10, 30, 50, 70, 100 fb −1 . A similar estimation for the anomalous couplings ∆κ γ and λ γ is presented in Table II , where in this case √ s = 7.07, 10 TeV at the FCC-he with integrated luminosities L = 100, 300, 500, 700, 1000 fb −1 , respectively. From these tables, it is clear that in the leptonic channel the limits on the ∆κ γ and λ γ are of the order of magnitude of few times 10 −3 to 10 −2 . However, due to the larger branching ratio, the hadronic channel can improve the constraints by a factor of two or three with respect to the leptonic channel.
From Table II , our best limits for the anomalous couplings ∆κ γ and λ γ at the FCC-he are the following.
i) Limits on ∆κ γ and λ γ for √ s = 7.07 T eV , L = 1000 fb −1 and P e − = 0%: ∆κ γ = |0.0033|, 95% C.L., leptonic, |0.0019|, 95% C.L., hadronic,
λ γ = |0.0098|, 95% C.L., leptonic, |0.0073|, 95% C.L., hadronic.
ii) Limits on ∆κ γ and λ γ for √ s = 10 T eV , L = 1000 fb −1 and P e − = 0%: ∆κ γ = |0.0031|, 95% C.L., leptonic, |0.0017|, 95% C.L., hadronic,
λ γ = |0.0071|, 95% C.L., leptonic, |0.0053|, 95% C.L., hadronic.
The limits given in Eqs. (21)-(24) are consistent with the corresponding ones of Table I of Ref. [10] for the anomalous couplings ∆κ γ and λ γ .
C. Impact of the polarized electron beam on the cross-section of the process e − p → e − γ * p → ν e W − p at the LHeC and the FCC-he
In the previous sub-sections, the results for the cross-section of the process e − p → e − γ * p → ν e W − p, as well as of the anomalous parameters ∆κ γ and λ γ are presented with unpolarized electron beam. In this sub-section we discuss the impact of the polarized electron beam in the cross-section and in the anomalous parameters of the aforementioned process.
It is worth noting that a polarized electron beam provides a method to investigate the SM and to diagnose new physics beyond the SM. Proper selection of the electron beam polarization may, therefore be used to enhance the new physics signal and also to considerably suppress backgrounds. We select beam polarization as P e − = −80% to enhance our physical process. In addition, as we already mentioned in subsection A, the chiral nature of the weak coupling to fermions results in significant possible enhancements in ν e W − production, as To complement our study on the anomalous parameters ∆κ γ and λ γ through the process e − p → e − γ * p → ν e W − p with polarized electron beam and considering the parameters of the LHeC and the FCC-he, we give limits for the anomalous couplings of the W − -boson in Tables III and IV . These limits show the best measurement is compared with the unpolarized case illustrated in Tables I and II. The following limits are set on the couplings ∆κ γ and λ γ at the FCC-he and with polarized electron beam when one parameter is allowed to vary and the others are set to their SM values of zero.
i) Limits on ∆κ γ and λ γ for √ s = 7.07 T eV , L = 1000 fb −1 and P e − = −80%:
∆κ γ = |0.0025|, 95% C.L., leptonic, |0.0014|, 95% C.L., hadronic,
λ γ = |0.0085|, 95% C.L., leptonic, |0.0063|, 95% C.L., hadronic.
ii) Limits on ∆κ γ and λ γ for √ s = 10 T eV , L = 1000 fb −1 and P e − = −80%:
∆κ γ = |0.0023|, 95% C.L., leptonic, |0.0013|, 95% C.L., hadronic,
λ γ = |0.0061|, 95% C.L., leptonic, |0.0046|, 95% C.L., hadronic.
A direct comparison of the results shown in the Eqs. On the other hand, it is appropriate to mention that the limits shown in Tables I-IV are   competitive with the experimental and phenomenological limits obtained by the ATLAS,  CMS, CDF, D0, ALEP, DELPHI, L3 and OPAL Collaborations, as well as by the ILC and the CEPC which are shown in Table I of Ref. [10] .
IV. CONCLUSIONS
The production cross-section of the process e − p → e − γ * p → ν e W − p in the SM is 1. From the results in Tables I-IV and Figs. 3-10, we could see a significant improvement in the measurement for ∆κ γ and λ γ compared to the present ATLAS, CMS, CDF, D0, ALEP, DELPHI, L3 and OPAL collaborations bounds (see Table I of Ref. [10] ).
We Tables I-IV ).
In conclusion, the measurement of the e − p → e − γ * p → ν e W − p channel at the LHeC and the FCC-he would provide a promising opportunity to probe the anomalous couplings ∆κ γ and λ γ without the complications of other couplings especially QCD backgrounds, and therefore improve our knowledge of the gauge sector. Furthermore, for future measurement of ∆κ γ and λ γ , we expect complementarily studies with different electron beam polarizations, as well as a more realistic detector-level analysis will be very useful. 
